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Abstract
The investment landscape in Nigeria is inherently influenced by economic 
fluctuations that pose substantial challenges and opportunities for investors 
and policyholders. This paper aims to investigate and provide solutions 
to the adverse effects of economic fluctuations on the investment returns  
of Insurance Industry in Nigeria through a numerical evaluation. These 
adverse effects are capable of resulting into future delay and volatility-noise of 
economic fluctuations in the financial market which influences the investment 
returns of Insurance Industry. These adverse effects are modeled as Advanced 
Stochastic Time-Delay Differential Equation (ASTDDE). The modeled equation 
is solved using a two-step Hybrid Block Adams Moulton Methods (2HBAMM) 
with the help of new sequence for delay and noise terms computations. 
Numerically, through mathematical demonstration, these adverse effects are 
expressed in form of some examples of Advanced Stochastic Time-Delay 
Differential Equation (ASTDDE) and were solved using the proposed method 
which revealed its financial and economic implications.
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Introduction 
In,1,2 Economic fluctuation refers to the variations 
and unpredictable changes over a stochastic 
period in economic activities which are influenced 
by a complex interplay of economic factors such 
as turbulence in inflation rate, human development 

index, volatility in gross domestic product (GDP) 
of a country due to fire-brigade approach in new 
policy implementations and currency-exchange 
rates. These economic fluctuations can occur over 
various time frames, ranging from short-term to 
long term shifts in economic trends of insurance 
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industry in Nigeria.3 Insurance is defined as a 
contract in which the policyholder pays a certain 
amount of money called premium to the insurance 
company for insurance coverage against any 
potential loss. According to,4 the live wire of an 
insurance industry depends on the premium 
payment by its policyholders. One notable aspect 
of economic fluctuations in the insurance industry 
which encompasses the alternating periods of 
expansion and contraction in its economic activities 
is the level of patronage by their policyholders. In,5,6 
one major macroeconomic factor that determines 
the level of patronage insurance industry received 
for its services and products depends on the 
protection of policyholders’ trust which influences its 
investment returns. During an expansionary phase, 
the investment of an insurance industry experiences 
growth in return which reveals the high level of trust  
and patronage shown by its policyholders in 
purchasing the insurance policies and payment 
of premiums. Conversely, during a contraction or 
recession, the investment returns of the insurance 
industry declines resulting in inadequate claims 
resolution by the insurance industry which affects the 
policyholders trust. The expansionary and contraction 
phase for alternating investment returns of the 
insurance industry depends on the policyholders 
trust and patronage which result to advanced 
stochastic economic movements or volatility.7,8 
revealed that macroeconomic indicators such as 
policyholders lack of trust and patronage, inflation 
rates, currency exchange rates, gross domestic 
product (GDP) growth rates, stock market indices, 
human development index, unemployment rates and 
fiscal policy measures influences insurance industry 
investment returns which result to future adverse 
effects of low premium payments by policyholders, 
decrease in the insurance industry profitability, delay 
in claims resolution, regulatory penalties and fines, 
loss of policyholders trust and loyalty. The existing 
literatures in this concept revealed that no research 
has been carried-out mathematically in addressing 
the adverse effects of economic fluctuations on the 
Investment Returns of Insurance Industry in Nigeria 
which left a huge research gap. There is an urgent 
need to understand, evaluate and manage these 
economic fluctuations which are very crucial for  
policymakers, policyholders and for businesses to  
navigate the dynamic economic landscape effectively 
and also to recommend best ways to reduce its 

adverse effects on investment returns of insurance 
industry in Nigeria.

To tackle these adverse effects of advanced 
stochastic movements in key macroeconomic 
indicators which causes economic fluctuations 
and influences the investment returns of Nigerian 
insurance industry resulting into adverse effects 
of future delay and volatility-noise in the financial 
market, this study applied two-step Hybrid Block 
Adams Moulton Methods (2HBAMM) in solving 
some Advanced Stochastic Time-Delay Differential 
Equation (ASTDDE) with new sequence for delay and 
noise terms computations.9 defined ASTDDE as a 
stochastic process that depends on the current state 
and the future uncertainties. A volatility term is an 
uncertainty event of any probability variables {Xt,t ϵ T}  
where Xt is the volatility-time and T is the time 
variations of various instabilities in different fields 
of study.10 defined fluctuation as a probability 
process for collection of random variables on set  
of discrete time points controlled by probabilistic 
laws.11 formulated a structural model equation 
of Advanced Stochastic Time-Delay Differential 
Equation (ASTDDE) which contains the present state 
and the future uncertainties as presented below, 

dy(t)=α(y(t),y(t+τ),t)dt+β(y(t),y(t+τ),t)dΦ(t) for t>0,τ>0
y(t)=φ(t), for  t>0 	 ...(1)

Adapting equation (1) the constructs of this study 
were taken into consideration, then the modeled 
equation for this study becomes,

dIR(t)=α(IR(t),IR(t+τ),t)dt+β(IR(t),IR(t+τ),t)dAEEF(t)   
for t>0,τ>0
IR(t)=φ(t), for  t>0                                                                                    ...(2)

where φ(t) is the initial function, α,β are drift and 
stochastic coefficients representing the expected rate 
of returns on investment, IR(t) represents the invest- 
ment returns of the Insurance Industry, t is the time  
of delay in months, is called the lag, (t+τ) is called the 
future term and  is the future lag term of investment 
returns. The variable AEEF(t) represents the economic  
fluctuations with its differential equivalence dAEEF(t)
as the noise term together with the solution of the 
future delay term for investment returns IR(t+τ)
dAEEF(t)on the stochastic or diffusion part of (2). The 
drift part of the equation (2) dIR(t)=α(IR(t),IR(t+τ),t)dt 
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is deterministic and takes care of the average time 
rate of the investment returns without any risk. The 
stochastic or diffusion part dIR(t)=β(IR(t),IR(t+τ),t)
dAEEF(t) is the volatility risk factor of economic 
fluctuation on investment returns of policymakers 
in the modeled equation (2).

In the quest of obtaining the numerical solution 
of ASTDDE, most scholars such as12,14 used 
interpolation approach in computing the lag and 
volatility terms of ASTDDE for approximate solutions 
and suffered difficulties in obtaining the Minimum 
Absolute Random Errors (MAREs) at the Lowest 
Computer Processing Unit Time (LCPUT) which 
affected the accuracy of their numerical solution.15 
obtained the analytic solution of a deterministic 
and stochastic model of a time-varying investment 
returns with random parameters and revealed that 
the lower the absolute random errors of a stochastic 
process, the lower the risk effect of economic  
fluctuations in any financial model. The difficulty 
detected by the above researchers and adverse 
effects of economic fluctuations on the investment 
returns of insurance industry caused by macro-
economic indicators left a huge research gap which 
needs to be filled which is the motivation behind 
this study. To reduce these adverse effects of 
economic fluctuations and to overcome the difficulty 
experienced by the researchers in the application 
of interpolation approach for computation of the lag 
and volatility term, new sequences modelled by16 
were used. This can be done by solving numerically 
some examples of the modeled equation using the 
proposed method.

Research Method
Formulation of the Method
The discrete schemes of the two-step Hybrid Block 
Adams Moulton Methods (2HBAMM) were derived 
by17 through matrix inversion techniques on the 
k-step multistep collocation method developed by18 
and presented as,
 

 

 	 ...(3)

Evaluation of Fundamental Properties of the 
Proposed Method
Following the steps developed by19,20 the fundamental 
properties for the convergence and stability of the 
proposed method are examined. 

Order and Error Constant
As the proposed method is one of the families of Linear  
Multistep Method,19 analyzed that LMM is said to be 
of order p if C0 = C1 =0,...,Cp=0 but Cp+1 ≠ and Cp+1 is 
the error constant.

The order and error constants for (3) are analyzed and 
presented as follows, but C0=C1=C2=C3=C4=C5=(0 0 0 0 )T  

but 

Therefore, (10) has an order, Ω = 5 and error constants 

Consistency
According to,19 a Linear Multistep Method is said to 
be consistent if the order p ≥ 1. Since the order of the  
method (2HBAMM) as computed is p ≥ 1, hence the 
consistency of the method is satisfied.

Zero Stability Analysis 
In,20 the zero-stability of a LMM is satisfied if no roots  
ui ,i=1,2,3,..., n of the initial characteristic polynomial   
A(u) developed as A(u)= det (uM(1)

2 - M(1)
1 are greater 

than 1 which satisfy│ui│≤ and the roots  are simple 
or distinct.

The zero stability for (3) is determined as follows:

 

where
       

 	
...(4)

and 
A(u)= det (uM(1)

2 - M
(1)

1)= u uM(1)
2 - M

(1)
1 =0
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Now we have,

  
 

Using Maple (18) software, we obtain,
A(u)=u3(u-1) => u3(u-1)=0
=> u1=1,u2=0, u3=0, u4=0. Since │ui│≤1, i=1,2,3,4 the 
discrete schemes in (3) is zero stable.

Convergence
Following that the discrete schemes (3) of the 
proposed method are both consistent and zero 
stable, the method is convergent.

Region of Absolute Stability 
The P- and Q- regions of absolute stability of the proposed 
method for discrete schemes (3) are presented  
in figure 1 to 2 below: 

Fig. 1: Region of P-stability Fig. 2: Region of Q-stability

Numerical Implementation and Computations
Here, two examples of the modelled equation of this 
study shall be solved using the proposed method 
with the incorporation of the computed solutions 
of the lag and volatility terms using the sequences 
formulated by16 to obtain the approximate solutions 
of dIR(t).

Numerical Examples
Example 1
dIR(t)=1000(IR(t)+IR(t+1)+(1000+997e-3))dt+ 
(IR(t)+997e-3 IR(t+1)+ (1000+997e-3))dAEEF(t), 
0<t≤12 

IR(t)=1+e-3t,t >0

Exact Solution IR(t)=1+e-3t

Example 2
dIR(t)=(IR(t+1+e-t) +sin(t+1+e-t +cos(t))dt+ 
(IR(t+1+e-t) +sin(t+1+e-t )+cos(t)) dAEEF(t), 0> t≤ 12

IR(t)=sin(t),t>0
Exact Solution IR(t)=sin(t) 

Result and Discussion
The performance of the proposed method (2HBAMM) 
over other existing methods are determined by 
computing the exact solution, numerical solution, 
absolute random errors of the modeled equation 
(2) and the absolute random errors of other existing 
methods. The computed results are presented in 
tables 1 to 2
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Table 1: Performance of 2HBAMM on Example 1

t	 Exact	 Numerical	 Absolute	 Absolute	 Absolute
	 Solution	 Solution	 Random Error 	 Random Error	 Random Error 
			   of the Proposed 	 in [11] with	 in [12] with
			   Method with	 CPUT=0.4s	 CPUT=0.3s
			   CPUT=0.15s

1	 0.990049834	 0.990049781	 5.27492E-08	 4.44E-04	 1.51328E-06
2	 0.980198673	 0.980198692	 1.83932E-08	 3.01E-03	 2.42656E-06
3	 0.970445534	 0.970445525	 9.04851E-09	 9.08E-02	 6.29916E-06
4	 0.960789439	 0.960789427	 1.23523E-08	 1.18E-04	 8.37204E-06
5	 0.951229425	 0.951229458	 3.35993E-08	 1.01E-04	 1.46024E-05
6	 0.941764534	 0.941764521	 1.28842E-08	 2.14E-04	 1.7834E-05
7	 0.93239382	 0.932393827	 7.19405E-09	 3.92E-03	 2.64197E-05
8	 0.923116346	 0.923116342	 3.98664E-09	 1.61E-03	 3.08088E-05
9	 0.913931185	 0.913931178	 6.87123E-09	 3.42E-03	 4.17463E-05
10	 0.904837418	 0.904837424	 6.26404E-09	 1.15E-04	 4.72911E-05
11	 0.895834135	 0.895834135	 3.47178E-12	 1.24E-05	 6.05761E-05
12	 0.886920437	 0.88692043	 7.11716E-09	 8.18E-04	 6.72745E-05

Table 2: Performance of 2HBAMM on Example 2

t	 Exact	 Numerical	 Absolute	 Absolute	 Absolute
	 Solution	 Solution	 Random Error 	 Random Error	 Random Error 
			   of the Proposed 	 in [11] with	 in [12] with
			   Method with	 CPUT =0.15s	 CPUT=0.15s
			   CPUT=0.15s

1	 1.970445534	 1.970448149	 2.61545E-06	 2.24E-05	 3.62E-04
2	 1.941764534	 1.941764203	 3.30584E-07	 5.40E-04	 1.83E-04
3	 1.913931185	 1.913931359	 1.73729E-07	 6.08E-03	 4.22E-03
4	 1.886920437	 1.886922874	 2.43728E-06	 3.28E-04	 7.20E-02
5	 1.860707976	 1.860707673	 3.03425E-07	 2.21E-04	 6.02E-04
6	 1.835270211	 1.835270327	 1.15589E-07	 6.34E-05	 4.26E-05
7	 1.810584246	 1.810587578	 3.33203E-06	 2.29E-02	 3.30E-05
8	 1.786627861	 1.786627445	 4.16067E-07	 6.12E-04	 2.10E-04
9	 1.763379494	 1.763379634	 1.39663E-07	 5.32E-03	 2.42E-03
10	 1.740818221	 1.74082047	 2.24932E-06	 7.15E-05	 3.47E-03
11	 1.718923733	 1.718923448	 2.85432E-07	 1.56E-05	 1.61E-05
12	 1.697676326	 1.697676407	 8.0929E-08	 5.13E-03	 1.67E-04

The results obtained after the numerical imple-
mentation of the method in solving some Advanced 
Stochastic Time-Delay Differential Equation 
(ASTDDE) as presented in the tables above 
shown the numerical representation of alternating 
or stochastic investment returns of the insurance 
industry caused by the adverse effect of economic 

fluctuations such as turbulence in inflation rate,  
human development index, volatility in gross 
domestic product (GDP) of a country due to fire-
brigade approach in new policy implementations 
and currency-exchange rates on policyholders trust 
and patronage. Relating our results to other existing 
results in the literature, comparisons of the Absolute 
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Random Errors (AREs) were carried out which 
ascertained the advantage of our method over other 
existing methods in [11-12] in terms of efficiency and 
accuracy. The proposed method performed better 
than existing methods in literature by producing 
the Minimum Absolute Random Errors (MAREs) 
as presented in table 1 and table 2 for numerical 
solution of ASTDDEs.

Conclusion and Recommendation
This study has expressed and proffers solutions 
to the adverse effects of economic fluctuations 
on the investment returns of insurance industry 
caused by macroeconomic indicators. The study 
have also demonstrated that two-step Hybrid Block 
Adams Moulton Methods (2HBAMM) with the new 
formulated sequences in literature for computation 
of the lag and volatility terms is suitable for solving 
some Advanced Stochastic Time-Delay Differential 
Equation (ASTDDE) numerically and gives a better 
result over the existing results in literature which 
used interpolation approach in computing the lag 
and the volatility terms. The lower the Absolute 
Random Error (ARE) of the modeled equation (2), 
the lower the economic fluctuations which increase 
the policyholders trust and patronage thereby 
influencing an increase in the investment returns of 
the insurance industry and vice versa. Therefore, this 

study recommends that insurance industry in Nigeria 
should prioritize the protection of policyholders’ 
trust whose patronage influences its investment 
returns by ensuring clarity and transparency in 
their service delivery. Adequate implementation 
of price control measure by the government of the 
day can cushion the adverse effects of economic 
fluctuations as a result of turbulence in inflation 
rate, human development index, volatility in gross 
domestic product (GDP) of a country due to fire-
brigade approach in new policy implementations and  
currency-exchange rates. Future studies should be  
looked-into for step numbers k=3,4,5,.. on the 
numerical solutions of ASTDDE using 2HBAMM with 
some applications in finance.
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